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Abstract

This paper develops a framework to study the statistical power of revealed-
preference tests. With randomly sampled budgets and mild smoothness of de-
mand, statistical learning implies that any model consistent with the data must
approximate true choice behaviour. We interpret this result as follows: passing
a revealed-preference test is informative only to the extent that the data are
sufficiently rich to rule out economically meaningful departures from the main-
tained model. We make this precise by linking sample size and confidence to the
magnitude of detectable departures, and by characterising how power rises with
additional observations. Extending our approach beyond revealed-preference in-
equalities to smooth functional restrictions yields practical tests, even when ex-
act revealed-preference tests are computationally infeasible. We also provide
confidence intervals for smooth functionals of demand, including welfare effects.
Simulations show that standard sample sizes can generate widely different power

across models, contextualizing why some conditions “rarely reject” in practice.
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1 Introduction

Analysts often seek to verify whether a decision maker (DM) is consistent with a given
model, using finite choice data, to ensure that policy predictions about behavior and
welfare are reliable. A common approach is revealed preference (RP) analysis, which
provides a set of exhaustive inequalities that are satisfied if and only if the DM’s choices
are consistent with a given class of preferences.! RP tests typically assume that data
consist of a finite number of non-stochastic observations. A subtle issue arises when
these observations pass the RP test. Namely, the test cannot distinguish between a
DM who is truly consistent with the model and one who is not, but for whom there
were insufficient data to detect a deviation.

The frequentist approach to addressing this problem in the context of hypothe-
sis testing focuses on statistical power, the probability of rejecting a decision maker’s
choices under the assumption that the DM does not adhere to the model. This ap-
proach requires constructing parsimonious alternative hypotheses. However, as noted
by Adams and Crawford [2015], “The difficulty is that there are many alternatives
to rational choice models and no obvious benchmark.” In other words, there is no
straightforward way to assess the power of RP tests.? This paper shows how results
from statistical learning theory can be used to circumvent this limitation and enable
power analysis.

To illustrate the problem, suppose an analyst observes a consumer making grocery
purchases on ten different occasions, each time facing different prices. The consumer’s
choices satisfy all the revealed preference conditions—there are no apparent “mistakes”.
Should the analyst conclude that the consumer is rational? Not necessarily. Ten
observations may simply be too few to detect irrationality, even if it is present. With
only ten price-consumption pairs, many non-rational choice patterns can slip through
undetected, much as a student who answers randomly on a ten-question multiple-choice
exam might still pass by chance.

This raises a natural question: how many observations n are needed to detect with
high probability a consumer who deviates from rationality by an amount €7 Standard
revealed preference analysis cannot answer this question: it tells us whether observed

choices could have come from a rational consumer, not whether the available data are

IFollowing the terminology of Varian [1983], we refer to a set of inequalities as exhaustive if they
are necessary and sufficient for the data set to pass the RP test.

2For example, Bronars [1987] proposes a power test based on the assumption that choices are
uniformly random on the budget frontier.



sufficient to reliably detect deviations.

Our paper fills this gap using a simple idea. Suppose we observe a consumer’s
choices at n randomly selected price points. Because demand functions are smooth
(satisfying a Lipschitz condition), any function that fits these observations must be
close to the consumer’s actual choice function everywhere—mnot just at the observed
points—once n is sufficiently large. Consequently, if the true choice function is far from
rational, so will any function consistent with the data, and the revealed preference
test will reject rationality. If the consumer is rational, the test will never reject. By
quantifying the number of observations needed as a function of the detection threshold
£, we show that explicit power guarantees are possible.

Formally, we consider an economic model g € G, where G is a class of models
satisfying a Lipschitz condition, which maps an exogenous variable (prices) into an
endogenous variable (demand). The analyst observes exogenous prices p; and demand
x; related by x; = g(p¢). Consider some subclass F C G and define the ball of size
e > 0 around F as

F(e) = {g €qg: ingd(g,g/) < 5}.

g'e
Suppose the analyst can sample {p,;}}; independently at random. This generates a

dataset of the form
Dy, = {(pk, 9(pr)) Yie1- (1)

Note that although ¢ is non-stochastic, the data are stochastic because prices are
sampled at random. This aligns with the frequentist tradition in which the state of the
world is deterministic and all stochasticity arises from the sampling procedure.
For given §, ¢ > 0, we aim to find a computable function n(d, €) such that, whenever
a dataset has more than n(d,e) observations, one can construct tests of size zero and
power greater than ¢ to distinguish between the null hyposthesis Hy and the alternative
H;:
Hy:geF vs. Hi:ge g\ Fle). (2)

We show that if the class G is Lipschitz and the analyst has access to a revealed
preference characterization of F, such tests and function n(d, €) can be constructed for
any choice of . Furthermore, we show that when the dataset size n is fixed, one can
compute a lower bound on the power d(n,e) and a lower bound on the closeness of
preferences from the model £(n, ).

We then generalize our main results by studying cases where the analyst does not



have access to RP characterizations, but rather some functional restriction R : G — R
of F such that:
R(g) =0 <= g€ F.

Under some regularity conditions on R, we can conduct the same analysis as above by

constructing

Fle)={9' €G:R(g) <¢},

and then forming the hypothesis test in the manner described in (2). In that case, the
size of the test is not zero, but some computable function of G, R, and F.

Our method applies to preference classes where revealed preference characteriza-
tions are unknown or computationally infeasible. For Lipschitz demands, we find that
the computational issues of several RP tests stem mostly from their knife-edge nature
which have size zero. We demonstrate that this approach can be used to construct con-
fidence intervals for smooth functionals of demand, such as changes in cost-of-living
indices. Finally, we show how to integrate additional assumptions on the underlying
preference classes and adaptive sampling to improve power and confidence intervals.

We emphasize that the results in this paper are primarily existence results that
establish what can be learned from finite choice data, rather than providing readily
applicable procedures. Our theorems characterize the sample sizes sufficient to achieve
desired power levels and the precision attainable for welfare inference, but operational-
izing these bounds requires knowledge of quantities—such as the Lipschitz constant
of demand and the sampling distribution of prices—that may be difficult to deter-
mine in practice. We view our contribution as providing the theoretical foundation for
power analysis in revealed preference settings; developing practical implementations to
estimate or bound these quantities from data is an important direction for future work.

Section 2 describes our setup and notation. Section 3 shows how to construct our
tests with fixed power, sample size, and distance from the model (Theorems 3.1-3.3),
followed by power simulations for RP tests. Section 4 extends our testing results to
functional characterizations (Theorem 4.1) and shows how to conduct inference on
smooth estimands such as welfare changes (Theorem 4.2). The section also provides
functional characterizations of common classes of preferences, such as substitutes and
complements, and of choice under uncertainty (Propositions 1-5). Section 5 studies

extensions of our approach. Section 6 concludes.



1.1 Related Literature

The RP approach tests the consistency of a finite dataset with utility maximization.
The approach originated with Samuelson [1938] and was refined by Afriat [1967] and
Varian [1982]. In particular, Afriat [1967] established that the Generalized Axiom
of Revealed Preference (GARP) is a necessary and sufficient condition for any finite
dataset to be consistent with utility maximization. The appeal of GARP stems from
the ease with which the rationality of a dataset can be verified through simple algebraic
inequalities.

The idea of constructing an alternative against which to assess the power of revealed-
preference (RP) tests dates back to Becker [1962], who considered consumers choosing
randomly on their budget lines. Building on this, Bronars [1987] examined how often
RP tests would detect violations when choices were generated uniformly at random.
More recently, Andreoni et al. [2013] proposed a more realistic benchmark by drawing
from the observed distribution of choices, thereby calibrating the alternative hypothesis
to match empirical patterns.

Because a parsimonious alternative to fully rational choice is hard to specify, sev-
eral papers assess predictive power without positing an explicit behavioural model.
Andreoni et al. [2013] define the Afriat Power Index for datasets with no revealed-
preference violations. Reporting the smallest budget perturbation needed to induce a
violation—small adjustments indicate a sensitive test, large adjustments a weak one.
A related approach, based on Selten [1991] and applied by Beatty and Crawford [2011],
considers a method which uses the set of all theory-consistent behaviors with respect
to all possible behaviors.

Since those seminal contributions, RP theory has explored various extensions, in-
cluding functional-form restrictions and intertemporal models. Significant contribu-
tions include Kubler, Selden, and Wei [2014] for expected utility with objective (known)
probabilities and Echenique and Saito [2015] for subjective probabilities. A similar
problem for “translation-invariant” preferences is considered in Chambers, Echenique,
and Saito [2016]. Polisson, Quah, and Renou [2020] give a general method to construct
RP inequalities that applies to several classes of preferences over risk and uncertainty.®
We take the set of Lipschitz demands as the alternative, thus covering these subclasses

and rationality itself.

3For recent extensive reviews, see Crawford and De Rock [2014], Echenique [2019], and Demuynck
and Hjertstrand [2019].



The functional approach for testing decision-makers [Slutsky, 1915, Antonelli, 1971,
Deaton and Muellbauer, 1980] relies on the entire demand function and assumes access
to infinite data. We build on this literature by extending these tests to finite data. In
this context, our work is related to Aguiar and Serrano [2018], who adapt the measure
of bounded rationality from Aguiar and Serrano [2017] to finite data. While their focus
is on measuring and classifying bounded rationality, our approach provides tests for
general restrictions under preference monotonicity, making it applicable to a broader
range of datasets, including pairwise comparisons.

Papers on extrapolating fundamentals from finite data use regularity conditions
similar to ours. Chambers et al. [2021] imposes a structural restriction on the space
of preferences that is closely related to Lipschitz continuity, but it allows sample com-
plexity to depend on the underlying (unknown) preference, which we rule out by con-
struction. Related Lipschitz-type upper bounds for utilities are also used in Cham-
bers et al. [2023] to deliver finite-sample guarantee results. Finally, Chambers and
Echenique [2025] shows that economic models that approximately satisfy axioms can
be rationalized by utilities close to those that exactly rationalize the model, providing
microfoundations for using our approach to test axiomatic decision models.

The RP literature focuses on exhaustive restrictions in finite datasets that char-
acterize a model.* In some instances, those tests can pose a significant computa-
tional challenge. Indeed, Echenique [2014] and Cherchye, Demuynck, De Rock, and
Hjertstrand [2015] show that testing for weak separability is NP-Hard. Accordingly,
these tests rely on non-polynomial-time algorithms, such as mixed-integer program-
ming [Cherchye, Demuynck, De Rock, and Hjertstrand, 2015, Hjertstrand, Swofford,
and Whitney, 2020]. We show that the computational issues can be mitigated by
permitting tests with nonzero size.

The deterministic RP approach has recently been extended to stochastic environ-
ments by Kitamura and Stoye [2018] and Aguiar and Kashaev [2021]. In both cases,
RP analysis is embedded within a random utility framework, although the latter treats
measurement error as the source of randomness. By contrast, in our framework, all
randomness arises from the sampling procedure rather than from the decision-maker.
Consequently, our approach is closer in spirit to standard RP tests conducted on

individual-level data, while still treating individual observations as random.”

4The only revealed preference test that is not a characterization which we are familiar with is for
probabilistic sophistication [Epstein, 2000].
°In a different direction, Allen et al. [2024] propose a statistical consumer model who chooses



2 Setup

We consider a DM whose choices are observed a finite number of times. Let Y C RE,
be a compact and convex consumption space, where ¢ denote the number of goods. A
DM faces prices p € P and income [ € Z, where P is a compact subset of R, and
Z = [a,b] C R.g. We denote the budget corresponding to a tuple (p, ) by

B(p,f)z{yGer-ySI},

and denote the set of all budget sets by D. The DM has a choice function x(p, I) with
x(p,I) € B(p,I). Let G denote the class of all choice functions x : P x Z — Y that
satisfy the following Lipschitz property: there exists a constant L > 0, known to the
analyst, such that for all (p, ), (p/,I') € P x Z,

lz(p, ) — 2(p', )| < Ld((p, )", (0, 1)),

where || - || is the Euclidean norm and d is the Euclidean distance.

In several applications, we restrict attention to choice functions arising from utility
maximisation. A preference relation = C Y x Y is rational if it is complete and
transitive. We further assume that preferences are continuous, strictly monotone and

6

strictly convex.” Given a rational preference >, let u- : Y — R be a (continuous)

utility representation and define the associated Marshallian demand by

z=(p,I) = argmaxus(y).
yeB(p,I)
Under strict convexity this maximiser is unique, so x» is single-valued. Accordingly,
we say that a choice function x € G is an admissible rational demand if there exists
a rational preference > such that x = x-. In what follows, we use the term choice
function for an arbitrary element of G, and the term demand function for an admissible
rational demand.

A dataset consists of budget-choice pairs D,, = {(By, zx)}7_;. A choice function z

a distribution of demands given prices. They show that standard RP conditions apply to average
demands under a weak mean-expenditure condition, so our method should extend to their framework
as well.

6Strict monotonicity means that for any xz,y € Y, if z; > y; forall i = 1,...,¢ and = # y,
then z > y. Strict convexity means that for any = # y in Y and any « € (0,1), © = y implies
ar+ (1—a)y = y.



rationalizes a dataset D, if it exactly reproduces the observed choices z = x(By) for
allk=1,...,n.

Let g € G denote the true choice function, which we may refer to as the underlying
model. The analyst draws n price-income pairs independently at random from some

distribution p € A(P x Z), generating a dataset

Dy(z*) = {(Bi, 9(Bi))},_,-

Let " denote the product measure on (P x Z)™." Since g € G is fixed, p™ induces a

distribution py on datasets of size n by mapping each sampled sequence ((pk, 1, k)):=1
n

k=1"
as random draws from a fixed model, we can study the size and power of tests over

to its corresponding budget-choice sequence (Bk, g(Bk)) By treating the dataset

repeated sampling. The timing of this conceptual framework is illustrated in Figure 1.

t=20 t=1 t=2
Nature picks Analyst observes prices Analyst checks
geg from distribution pu ifge F

Figure 1: Depiction of the timing in our framework.

Let Hy, H; C G denote the null and alternative hypotheses. We have g € Hj if
the null hypothesis holds and g € H; if the alternative hypothesis holds. A test is a
measurable function 7 : D — {0, 1} that takes as input a dataset and returns whether
the null hypothesis should be rejected, where by convention 7 (D) = 1 means the null

is rejected and T (D) = 0 means the null is not rejected.

Definition 1 (Size and Power). Let T be a test and 7 !(1) denote the set of datasets
rejected by T.

(i) The size of T is the largest probability of incorrectly rejecting when the null is

"Formally, if u € A(P x I) is the sampling distribution of price-income pairs, then u" is the
product measure on (P x Z)", defined for any measurable set A C (P x )" as

ﬂn(A) = /1A((p1711)7-~~7(pn7-[n)) dﬂ(plvll)"'dﬂ(pnajn)~



true:
Size(n) = sup puy (T '(1)).
zc€Hg
(i) The power of T is the probability of correctly rejecting the null when the alter-

native 1s true:

Power(n;g) = py, (T7'(1)) for a given g € Hj.

The distinction between size and power lies in the domain over which probabilities
are evaluated: size is defined uniformly over all models in the null, taking the supremum
over Hy, while power is evaluated at a particular alternative g € Hy. For brevity, we
will henceforth omit the explicit dependence of iy on g whenever there is no risk of

confusion, and simply write p".

Definition 2 (RP Characterization). Let F C G be a class of preferences. An RP
characterization T* of F is a test with the following property:

(i) T* never rejects a dataset rationalisable by some x € F (size zero).

(7i) For any other test T satisfying (i), if T rejects a dataset D,,, then T also rejects

D,, (maximal power).

In words, an RP characterization never rejects a dataset consistent with F, and

has maximal power among all such size-zero tests.

3 Finite-Sample Theory

This section develops finite—sample power bounds that connect the revealed preference
framework to the statistical theory of PAC learning. We proceed in three steps. First,
we determine the required sample size to achieve a specified power and accuracy level,
which may inform experimental design. Second, for a given sample size and accuracy,
we derive the attainable power level, helping to gauge the effectiveness of RP tests.
Finally, we characterize the minimal separation from G that is detectable given a sample

size and desired power.



3.1 Preference Learnability

This subsection introduces the notion of PAC learnability and states the main result
we use as a building block for our procedure. First, define the generalization error

between two choice functions z, 2’ : P x Z — Y as:

erf, (. 2') = / le(p. ) ' (p, D)l dp,
PxT

where ||-|| denotes the Euclidean norm. The next definition introduces the concept of
PAC learnability.

Definition 3 (PAC Learnability). A class of demand functions G is probably approxi-
mately correct (PAC) learnable by a hypothesis class H if the following holds. For any
g, 0 > 0, any choice function z € G, and any distribution p € A(P x I), there exists

an algorithm L such that, given a sample of size
my = mL(€75) = POIY(%: %) )

the algorithm returns a hypothesis h € H satistying erf,(z, h) < ¢ with probability at
least 1 —4.%

In words, G is PAC learnable by H if there exists an algorithm that can approximate
every demand function in G by some hypothesis h € H within error €, with probability
at least 1 — 0. Here, a hypothesis h corresponds to a candidate demand function
approximating the true choice function. While in the general learning-theory literature
the hypothesis class H may differ from the target class G, we restrict our attention to

the case H = G. We can now state a key result for our derivations.

Lemma 1. Let G be the class of choice functions over the compact set P x I with

Lipschitz constant L. Then G is learnable by hypothesis class H = G with sample

meo =0 (% (e (1) (1) "+n(3)))

8We write Poly(1/e,1/8) to indicate that the required sample size is bounded by a polynomial in
1/e and 1/4.

9Tf, in addition, the choice rules are homogeneous of degree zero in (p,I) and I is bounded away
from zero, we may normalise by income and obtain the same bound with exponent /.

complexity:

10



This lemma guarantees that, for any distribution p, the true demand function
can be approximated within any pre-specified accuracy e, with confidence at least
1 — 0, from a sample size that grows only polynomially in 1/¢ and 1/6. Our proof
follows from a simple extension of Beigman and Vohra [2006], who prove that Lipschitz
demand functions are learnable under the above sample guarantees. However, their
proof relies on a simple packing-number argument that does not use the fact that
the hypothesis class is assumed to consist of demand functions. They also provide
a constructive algorithm that achieves this bound, thereby delivering both sample
efficiency and polynomial-time computation.'’

For each (g,6), let n(e,0) denote the minimal sample size such that there exists
some learning algorithm (possibly depending on (g, d)) that (e, d)—-learns G in the sense
of Definition 3. In particular, for any specific algorithm L satisfying Definition 3 with
sample size mp, (g, ), we have n(e,d) < my(e,d). Moreover, n(e,J) is weakly decreasing

in € for each fixed 9.

3.2 Finite-Sample Power Bounds

Our first result presents the “forward” formulation that characterises the sample size
required to ensure that an RP test has power at least 1 — ¢ against all alternatives that

are e—separated from the null class.

Theorem 3.1. Let F C G be a class of models-, and suppose the analyst has access
to an RP characterization T for F. Then, for every e, § > 0, if the sample size n
satisfies n > n(e,9)," the test based on Tr applied to a dataset of size n has power at
least 1 — O for the hypotheses

Hy: 2" e F vs. H,: 2" € G\ Fle),

where

Fle) := {x € G: inf erf,(z,2") < 5}.

' eF

In words, this result guarantees that the test rejects any demand strictly more

than ¢ away from F with probability at least 1 — ¢ if the analyst collects any sample

0Kubler, Malhotra, and Polemarchakis [2020] show that when the sampling distribution s is
uniform over P, the assumption of a known Lipschitz constant can be relaxed, but they do not
provide an explicit procedure to compute the relevant constants.

1Tn particular, by Lemma 1 it suffices to take n = my (g, §).

11



size of n > n(e,d) observations.'? Here n(e,d) is the minimal sample complexity, and
it suffices to take n = my(e,d). In particular, it is worth noting that Theorem 3.1
allows to study power of rational preferences against an alternative Lipschitz demand.
Indeed, one can simply take F to be the set of all choice functions that arise from utility
maximisation, and the RP characterization for this class reduces to the standard Afriat
inequalities. The geometric structure of the argument in Theorem 3.1 is conveyed in

Figure 2.

- -~

-~ o -

G — rationalisers of D,(w.p. >1—90)

Figure 2: Geometric sketch of the proof. When n > n(e, ), with probability at least
1—4, the G-rationalisers of the dataset D,, are contained in the e-neighbourhood N:(g) of the
true model (shaded region). Under the alternative g ¢ F(e), this neighbourhood is disjoint
from F. Hence no element of F can rationalise the data, and an RP characterisation rejects
with probability at least 1 — 4.

There, the set of G-rationalising demands is represented by the neighbourhood
N(g9). When n > n(e,d), with probability at least 1 — §, every G-rationaliser of
the observed dataset lies in N.(g). Under the alternative hypothesis, the true model
satisfies g ¢ F(e), equivalently inf ;e rerf, (g, f) > €, so No(g) N F = 0. Consequently,
with probability at least 1 — §, no element of F can rationalise the observed dataset.

Since an RP characterisation rejects precisely when no element of F rationalises the

12The distance erf u(+,-) is computed using the same distribution p that governs the sampling of
price-income pairs. Thus, both the measure of approximation error and the test are based on the
same underlying data distribution.

12



data, it follows that the test rejects under the alternative with probability at least 1—4.

While Theorem 3.1 provided the forward bound, the next result states the corre-
sponding inverse bound: given a fixed sample size n and tolerance ¢, it determines the
confidence level 1 — §(e,n) that can be guaranteed. The difference is only in which
parameters are treated as primitive, so the proofs mirror each other. To avoid triviali-
ties, for fixed ¢ > 0 and n € N we assume that there exists some § € (0, 1) such that
n(e,d) < n.

Theorem 3.2. Suppose the minimal sample complexity of (¢,0)-learning G is denoted
by n(e,d). For each € >0 and n € N, define

d(e,n) = inf{d € (0,1) : n(e,0) < n}.
Let T be an RP characterisation of F. Then, for any alternative g € G with

1 >
}Iel.f}k_erf/i(gaf) - 87

we have

pp(TH) > 1-6(n).

In words, at tolerance € and sample size n, the test T has power at least 1 — d(g,n)

against all alternatives at distance at least € from F.

Algebraically, Theorem 3.2 amounts to inverting the sample—complexity map: in-
stead of choosing n large enough to guarantee a target confidence level 1 — 9, we fix
(e,n) and identify the best confidence level compatible with n, namely 1 — d(g,n),
where (g, n) is the smallest 6 € (0,1) such that n(e,d) < n. Geometrically, the idea
is the same as in Figure 2: with probability at least 1 — d(e,n), all G-rationalisers of
the dataset lie in the e-ball around the true model, and if this ball is disjoint from F
the test rejects.

Having stated the forward bound (fix (g, d), solve for n) and its inverse (fix (g,n),
solve for §(e,n)), it is natural to ask the complementary question: given a sample size
n and confidence level 1—¢, what separation ¢ from F can the test reliably detect? The
next result answers this by introducing the minimal detectable separation scale (n, ).
To avoid trivialities, we fix n € N and 6 € (0, 1) such that the set {¢ > 0: n(e,d) <n}

is nonempty.

13



Theorem 3.3. Let n(e,0) denote the minimal sample complezity of (g,0)-learning G.
Forn e N and é € (0,1), define

g(n,0) = inf{e > 0: n(e,0) <n}.

Let T be an RP characterisation of F. Then, for every v > 0 and every alternative
g € G with
}gfferfu(g,f) > g(n,0) +7,

we have

pp(T71(1)) > 1-6.

In words, for any slack v > 0, at confidence level 1 — & and sample size n, the test T

has power at least 1 — § against all alternatives at distance at least e(n,d) +~ from F.

The argument mirrors the proofs of Theorems 3.1 and 3.2 and relies on the same
geometry as in Figure 2. The key difference is that, for fixed (n,d), the boundary
tolerance €(n, d) is defined as an infimum and need not be attained. Accordingly, the
result is stated with an arbitrary slack v > 0.

Conceptually, Theorem 3.3 turns the sample-complexity map on its head: for a
given sample size n and confidence level 1 — ¢, it identifies a detectability frontier in
terms of separation from F. Any alternative whose distance from F exceeds e(n, d)
by a strictly positive margin ~ is guaranteed to be detected with probability at least
1 — 60 by any RP characterisation of F. Thus, £(n,d) summarises the finite-sample
resolution of the frequentist revealed-preference test: larger samples push the frontier

down, while higher confidence shifts it up.

Remark. Notice that the power computation depends only on the sample complexity
of PAC learning for G. Appendix 5 shows this can be exploited to improve power by

presenting methods that accelerate learning rates.

Remark. Tt is easy to show that if observed demands are subject to additive mean-zero
measurement error with finite variance, then the class of learnable demand functions
G remains learnable [Bartlett et al., 1994]. Consequently, our previous results remain

valid under additive mean-zero measurement error.

14



3.3 Power Analysis

In what follows, we study the finite-sample power of revealed preference tests for static
utility maximization (SUM), homotheticity (H), weak separability (WS), and expected
utility (EU) against smooth violations of integrability. We consider a setup with four
goods and, in the EU case, two equally probable states of the world. For the tests,
we follow Varian [1983] and Green and Srivastava [1986]. For weak separability, we
only use necessary conditions since exact tests based on mixed-integer programming
are NP-complete [Cherchye et al., 2015].

We consider simulated demands given by y(p, ) = x(p, ) +ef(p, I), where x(p, I)
are Cobb-Douglas demands, € > 0 controls the deviation from rationality, and f(p, )
is a perturbation that preserves homogeneity of degree zero and budget neutrality, but
violates Slutsky symmetry.'® We normalize f such that the Frobenius norm of the
skew-symmetric part of the Slutsky matrix equals one, ensuring comparability of &
across alternative hypotheses. See Appendix C for full details.

We simulate 500 perturbed demands from Cobb-Douglas preferences drawn uni-
formly from the unit interval and scaled such as to sum up to one. Prices and income
are drawn uniformly from (0.01,10.00) and (1.00,6.00), respectively. This level of
price variation exceeds what is typically observed in empirical datasets. As a result,
the RP tests are given favorable conditions for detecting deviations from rationality.
For each value of € € [0.02,0.03,...,0.25], we compute the smallest sample size re-
quired to achieve a rejection probability of at least 90%. The resulting power curves
are reported in Figure 3.1

The figure shows that for small deviations from rationality, SUM and WS require
large sample sizes to achieve the target rejection rate. In contrast, H and EU only
require modest sample sizes to achieve the target rejection rate. For large deviations
from rationality, every RP test achieves the target rejection rate with small to moderate
sample sizes.

Next, we summarize the relationship between the distance from rationality and the

13 Although the perturbed demands may be negative, revealed preference theory still applies [Deb
et al., 2023], so they are inconsequential for our simulations.

\We obtain qualitatively similar power curves with an alternative data generating process featuring
a different pattern of deviations from Slutsky symmetry, indicating that the relative ranking of tests
is robust across alternative hypotheses.

15



100 100
80 80
] [
N 60 - N60 -
(%] (%]
Q@ g
=Y [=%
£ €
© 40 [ © 40 [
[} %)
20 20
—g.
0 . . . . . 0 . . . . .
0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 0.25
Epsilon Epsilon
(a) SUM (b) H
100 100
80 80
] ]
N 60| N 60 |
0 0
< 2
=Y [=%
£ €
© 40 © 40
[} 0
or \\H\_‘ il \\.d
0 0

. . . . . . . . . .
0.00 0.05 0.10 0.15 0.20 0.25 0.00 0.05 0.10 0.15 0.20 0.25
Epsilon Epsilon

(c) WS (d) EU

Figure 3: Power curves for SUM, H, WS, and EU.

sample size needed to achieve 90% power using a log-log regression:
log(n™) = By" + B{" loge™ + w™,

where ™ is the smallest sample size needed to achieve 90% power for model m €
{SUM, H, WS, EU}, €™ is the distance from rationality, and w™ captures residual vari-
ation due to the simulation process. The intercepts (fy) reflect baseline differences in
the sample size needed to reach a given power level when the deviation from rationality
is one. The slopes (f;) reflect the elasticity of the required sample size with respect to
deviations from rationality. Notice that by Lemma 1, fixing 6 to 0.1, the order of
should be smaller than 2 4. We find this empirically, and the results are presented in
Table 1.1

15Standard errors are omitted because the estimates are derived from Monte Carlo simulations
rather than empirical sampling. We show two further regressions in Appendix C for completeness.
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Table 1: Log-log regression estimates from power curves

Parameter SUM H WS EU
Bo 2.6448 2.3719 2.0862 0.7681
By -0.4573 -0.0135 -0.3363 -0.5589

Table 1 shows that the required sample size decreases progressively from SUM to
H, then WS, and finally EU. The table also shows that SUM and EU have higher
sensitivity of required sample sizes to deviations from rationality than H and WS.
Since sample size is modeled on a log scale, EU has a steeper slope (1) in terms of
relative changes even though its curve appears flatter in absolute sample size due to a

lower baseline sample size (fy) compared with WS.

4 Functional Tests

The previous section applied our framework to analyze the power of nonparametric
revealed-preference tests. This section extends the analysis to tests based on functional
restrictions, which may increase power or prove useful when nonparametric character-

isations are difficult to implement.

4.1 Functional Restrictions

To develop functional tests, we first introduce functional restrictions that single out

subclasses of preferences.

Definition 4 (Functional Restriction). Let F C G be a class of demand functions. A
map R : G — Ry is called a functional restriction for F if R(g) =0 <= g € F.

Suppose we want to describe a hypothesis test of F as in the preceding section:
Hy:geF  vs. H,:ge G\ Fle),

where
F(e):={g€G: inf erf,(g,¢") < e},
g eF

as in Theorem 3.1. As the examples below show, the definition of functional restriction

imposes no finite-sample bounds on size and power without additional restrictions.
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Ezample 1 (Size Bounds). Let F C G and define the functional restriction:

Rina(g) == Hg & F}.

Consider any (measurable) test 7 : D™ — {0, 1} whose decision rule depends only on
Rina (e.g., “reject iff Rina(g) = 17). Notice that for any € > 0, we can pick some f € F
near the boundary such that there exists g ¢ F with d(f, g) < e. Hence,

sup o (T71(1)) = 1.

g€Hp

Ezample 2 (Power Bounds). Let F C G and define the functional restriction

Rin(g) = vd(g, F), ~>0.

Observe that no power bounds can be computed without knowledge of v. To see this,
suppose the analyst observes a dataset D,,, picks a rationalization x € G, and computes
R(z) = k. By definition, d(z,F) = k/v. If v is small, then d(z, F) is large and z
appears to lie deep in the alternative; if ~y is large, then d(x, F) is small and = appears
close to the null. Since the same observed value £ is consistent with either conclusion,

the analyst cannot determine whether to reject without a bound on .

As the above examples illustrate, functional restrictions alone may be too weak
unless they satisfy additional properties that control their behavior under small per-
turbations of the data. Intuitively, we want two properties: (i) if the true preference
lies in F, then any nearby preference should nearly satisfy the restriction (continu-
ity), and (i) if a preference is far from satisfying the restriction, then this separation
should be detectable in terms of our error metric (regularity). We now formalise these

requirements.

Definition 5 (Uniform Continuity). A restriction R defining F is uniformly continuous
if there exists a function 7 : (0,00) — (0,00) with vy(¢) — 0 as ¢ — 0, such that for
every ¢g,q € G and every € > 0,

erf,(g,9') < ¢ = [R(g) —R()| < (o)

Definition 6 (Regularity). A restriction R defining F is regular if there exists a
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computable strictly increasing function'® X : (0,00) — (0,00) such that, for every

g € G and every € > 0,

]icggerfu(g,f) > = R(g) > Ae).

Putting everything together, a functional restriction is simply a condition R that
defines a subclass F C G and induces a natural hypothesis test. To make such tests
well behaved in our setting, we impose uniform continuity and regularity. The former
guarantees the stability of the restriction under small perturbations, while the latter

guarantees detectability of violations with respect to our error metric.

Remark. The functions v(¢) and A(¢) depend only on the restriction R and the domain
P, not on the specific preference relation or the realised sample. This uniformity ensures
that the properties of continuity and regularity can be used in constructing feasible

tests without requiring knowledge of the true underlying preference.

4.2 Testing Algorithm

The preceding subsection established the role of functional restrictions in defining
well-behaved subclasses F C G and showed how uniform continuity and regularity
provide the discipline needed for asymptotic analysis. We now turn to the construc-
tion of an explicit testing algorithm. The idea is to exploit the functional restriction R
to obtain a computable statistic that separates the null Hy : g € F from the alternative
H,:ge G\ F(e).

The algorithm below makes concrete the approach developed in Section 3.2. Rather
than treating revealed preference tests, it delivers a constructive procedure with explicit
finite—sample power bounds. It also illustrates how functional restrictions can serve as
a practical testing device in settings where algebraic characterisations of the null are

either unknown or computationally prohibitive.

6Here “computable” means that the function A(g) can be obtained explicitly (for example, in closed
form or via an algorithm) from the specification of the restriction R and the underlying environment
P xTI.
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Algorithm 1: Functional-Restriction Test

1. Fix a uniformly continuous restriction R defining a subclass F C G, with
Lipschitz constant L. Take parameters €, > 0, and let the analyst sample

a dataset of size n.
2. Choose n = n(e/t,d), where t is large enough that A(e) —v(e/t) > v(g/t).”

3. Pick any rationalising choice function = and compute R(x). The decision

rule is
. Reject, R(z) > v(e/t),
Decision =
Accept, otherwise.

*Such a ¢ exists as v(0) = 0.

The algorithm operationalises functional restrictions by providing a statistic R(z)
capable of distinguishing the null from the alternative. Step 2 ensures that the sam-
ple size is sufficiently large relative to the tolerance parameters so that the separation
implied by regularity dominates the continuity margin. Step 3 then reduces the test
to a simple decision rule based on whether the restriction is violated beyond the uni-
form—continuity threshold. In this way, the procedure turns the abstract properties
of functional restrictions into a concrete finite-sample test. The next result uses this

algorithm to construct a test based on functional restrictions.

Theorem 4.1. Following Algorithm 1, the induced test based on a uniformly continu-

ous and reqular restriction R satisfies:
1. Size. Under Hy : g € F, the probability of rejection is at most J.
2. Power. Under any Hy : g € G\ F(¢), the probability of rejection is at least 1 — 0.

Theorem 4.1 follows directly from the properties of uniform continuity and regu-
larity. Under the null, Algorithm 1 ensures that any rationalising preference >, lies
within e/t of the true preference with probability at least 1 — §. Uniform continuity
then implies R(x,) < 7(g/t), so rejection occurs with probability at most 6. Under
the alternative, the true preference is separated from F by at least ¢, and regularity
guarantees R(g) > A(e). With probability at least 1—4, the rationalising preference >,
selected by the analyst lies within €/t of the true preference, so R(zx,) > A(e) —v(e/t),

20



which exceeds the critical value by construction. Hence, rejection occurs with proba-
bility at least 1—¢. Taken together, Algorithm 1 and Theorem 4.1 show how functional

restrictions yield implementable frequentist tests with explicit finite-sample bounds.

Remark. 1t is possible to show that our approach depends only on the learnability of the
induced demand system, not on the particular type of choice sets. Once learnability
is assured, the same continuity arguments and finite-sample bounds apply, so any
functional restriction R usable with budget sets can be applied equally well to data

generated from other admissible families of choice sets.

4.3 Inference for Smooth Estimands

This section outlines how to construct confidence intervals for smooth estimands of
demand. To fix ideas, let R denote a functional restriction that maps a demand z,
into a real number summarising the change in a cost—of-living index induced by the
preference >=. The analyst’s goal is to use the observed data to estimate the true
welfare value AW* = R(g), where g is the demand generated by the true underlying
preference. The following result shows that our methodology allows one to obtain

confidence intervals on welfare estimates.

Theorem 4.2. Let R : G — R be a uniformly continuous restriction with modulus
v, and let the true demand be g € G with welfare value AW* = R(g). Fize > 0
and § € (0,1). By sampling n > n(e,d) observations, the analyst can select any

rationalizing demand x, define AW = R(z) and construct the interval
(AW = 5(e), AW +4(2)].

which contains the true value AW™ with probability at least 1 — 9.

Theorem 4.2 shows that when R is uniformly continuous, x is ensured to lie within
e of g, such that the values of the functional differ by at most e. With probability at
least 1 — 0, the true value of the estimand lies within v(¢) of the computed AW. The
attainable precision depends only on the modulus of continuity of R and on the PAC

sample complexity n(-,-) of the class G.

Remark. If the analyst wishes to achieve a target welfare precision n > 0, it suffices

to choose any € > 0 satisfying y(¢) < n and sample n > n(e,d) observations. Such
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an € exists because y(¢) — 0 as ¢ — 0. In particular, when ~ is strictly increasing—
as it is for all the restrictions constructed in Section 4.4—the analyst can simply set

e =v7'(n) and sample n > n(y~'(n),9).

Example 3. As an illustration, define the indirect utility function Vi (p, I) = maxus(y)
subject to y € B(p,I). For a price change p; to ps, the equivalent variation (EV) is
the income adjustment after the price change that restores utility to its initial level,
Va(pi,I) = Vi(p2, I — EVy, p,(2+)). By Hausman [1981], the EV is the solution to a
differential equation in Marshallian demand. If x- is twice continuously differentiable,
then the EV functional is continuous in z,. Since the space G is compact, EV is in

fact uniformly continuous, so Theorem 4.2 applies directly.

4.4 Functional Characterization and Extensions

Recall from Section 2 that P x Z is compact and G denotes the class of income-Lipschitz
demands. In this section we restrict attention to the subclass G C G of (rational)
models whose Marshallian demand x : P xZ — Y is twice continuously differentiable in
(p, I). This additional regularity is used only to justify the derivative-based restriction
operators R. The finite-sample size and power bounds from Sections 3 are otherwise
unchanged.

Throughout this section, we write D,x(p, I) € R for the Jacobian with respect
to prices, with entries (D,x);;(p,I) = Ox;(p, I)/0p;, and we write drz(p, I) € R® and
O2x(p,I) € R’ for the first and second derivatives with respect to income.'” We
also use the Slutsky matrix S(z)(p,I) := Dpa(p,I) + (9rz(p,I))z(p,1)", with entries
Sij(@)(p, I) = (Dp)ij(p, I) + ;(p, I) - Ori(p, I).

4.4.1 Homotheticity

Homotheticity can be tested via the linearity of Engel curves. Under our assumptions,
homothetic preferences = are equivalent to linearity of Marshallian demand in income
at every fixed price. Equivalently, the second derivative of demand with respect to

income vanishes. This yields a simple derivative-based restriction.

Definition 7. A preference > on Y is homothetic if for all x,y € Y and all ¢ > 0,
x =y if and only if tx > ty.

1"Whenever the dependence on (p, ) is clear, we omit the arguments.
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Proposition 1. Let xy : PXZ — Y be a C* Marshallian demand on a compact P x T

arising from the rational preference =. Then the following are equivalent:

1. = is homothetic.

2. 2xs(p,I) =0 on P x I.

Consequently, the restriction operator R™™(zy) := 0%x- vanishes under the null of

homotheticity and is uniformly continuous into L}L by Proposition 6.1

Homotheticity admits a transparent derivative restriction: R"™(zy) := 0%x» must
vanish under the null. Since R"™ is uniformly continuous (Proposition 6), it fits
directly into our testing recipe: estimate R"™ from data on (p, I, x), form the empirical
score, and apply Algorithm 1 to obtain finite-sample size control and power against

non-homothetic alternatives.

4.4.2 Weak Separability

We now turn to weakly separable preferences across a given partition of goods. The
revealed preference tests for this class are NP—hard, which motivates our functional
approach. For simplicity, we define weak separability directly via a utility represen-
tation, as axiomatic characterisations in terms of preferences are well known (Debreu

[1960], Koopmans [1972]).

Definition 8 (Weak separability). Fix a partition Gy, G5 of the commodity index set
{1,...,¢}. A rational preference > on Y is weakly separable across (Gy,Gs) if there
exist subutility indices vy : ]R'fl‘ — R, vy : R'fz‘ — R and an aggregator w : R? — R

such that us(z) = w(vi(zg, ), v2(za,)) represents .

For a C? demand z : P x Z — Y, the Slutsky matrix is S(z) := D,z + z(9;x)",
with entries S;;(x) = 0x;/0p; +x; Ox;/OI. Before stating the main result, we introduce
some notation. For (p, I'), write the between—group Slutsky block

SlQ(xi)(p7 I) = (Sij(xt)(p, ]))iEG’l,jeG’2 c R|G1\X\G2|7

18This object is defined formally in Proposition 6 in the appendix. For completeness, L}L(P X
7Z) denotes the space of p-integrable functions on P x Z, equipped with the norm | f|| L, =

Jpsz 1f (0, D) dps(p, ).
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and the income—effect vectors

a(p, [) = (afxbi(pv [))iEGl’ b(p, I) = (afxbj(p7 I))jeg2'

We also impose a two-sided income—effect nondegeneracy condition: for every (p,I)

there exist i € Gy and j € G, with 0;x» ;(p,I) # 0 and Orx- ;(p, I) # 0.
Proposition 2. Fiz a partition G1,Gy C {1,...,¢} and let v~ € C*(P X Z;Y) be the

Marshallian demand generated by a rational preference = on Y. The preference = is

weakly separable across (G1,Gs) if an only if
R .= Sl(l’t) 81xbi/ a[l't,j/ — Si/j/ ($i) a[QTbi 81xbj =0 (3)

for alli, i’ € Gy and all j,7" € G,.

The proposition shows that, under the nondegeneracy condition on income effects,
weak separability across (G1,Gs) is equivalent to the vanishing of the functional re-
striction R*P. In other words, the structural property of weak separability is captured
exactly by the condition that the between—group Slutsky block has rank one, with
income effects determining the factorisation.

To see this more concretely, consider the case of three goods with G; = {1} and

G2 = {2,3}. In this case, the between—group Slutsky block reduces to the row

S%(x2)(p, 1) = [Sialx)(p, 1) Sis(z:)(p, 1) ].

The restriction operator becomes the scalar condition

R*P(22)(p, I) = S1a(z) (0, 1) Or7e 3(p, 1) — S13(22) (D, 1) 017 2(p, 1).

Hence, weak separability across ({1}, {2,3}) holds if and only if R*P(xx)(p, 1) = 0 for
all (p,I). Where both income effects 0z » and Orzy 3 are nonzero, this condition is

equivalent to
Swa(x2)(p, L) _ 1wy o(p, 1)
Sis(z=)(p, 1) Orwv-3(p, 1)

If one of the two income effects vanishes, the restriction reduces correspondingly to

S12 = 0 or S13 = 0. This simplified case makes transparent the role of R%P: it records
the precise alignment between substitution effects and income effects across groups

that characterises weak separability.

24



4.4.3 Complementarity and Substitutability

The notions of complementarity and substitutability have been formalized in several
ways in the literature.!” Two demand-based definitions are most prominent. First,

goods 7 and j are said to be gross complements (substitutes) whenever

—axgifj) <0 (> o).

Because this derivative includes income effects, the notion is not symmetric. Second,
following Hicks and Allen [1934], goods i and j are net complements (substitutes) if
the corresponding Hicksian demand satisfies
ahz )
Ohilp) (>0)
apj

By the Slutsky decomposition, this is equivalent to the sign of the Slutsky term

Sij(z)(p, 1) = o, +a(p 1) —57
J

Unlike the gross notion, this condition is symmetric across goods.?’

Proposition 3. Let - : P xZ — Y be the Marshallian demand function generated
by a rational preference = on Y. Fix distinct goods i,5 € {1,...,0}. A functional

restriction for gross complementarity is

(p, I
R;g;‘ossC(xt)(p’ I) — max{(), 837&,7,(1)7 )} 7

Ip;
grossC
j
obtain for gross substitutability and for net complementarity/substitutability, replacing

so that i and j are gross complements if and only if R (xx) = 0. Analogous forms

0z ;/0pj with —0x» ;/0p; or with the Slutsky term S;j(xx ), respectively.

Since these functional restrictions are constructed from derivatives of uniformly

continuous functions, they inherit uniform continuity away from zero. Hence, as in

YEarly definitions based on the signs of second derivatives of utility functions (see Auspitz and
Lieben [1889], Fisher [1892], Edgeworth [1897], Pareto [1909]) are not invariant to monotone trans-
formations. For surveys, see Samuelson [1974] and Newman [1987].

20For a recent approach that restores intuitive appeal to these definitions, see Weinstein [2022].
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the case of weak separability, they provide well-behaved finite—sample tests of strict

complementarity and strict substitutability within our framework.

4.4.4 Choice under Risk

In this section, we adapt the functional form approach of Kubler et al. [2014, Sec-
tion I1I], who provide a characterization of expected utility preferences from contingent-
claim demand.” Our objective is to extend this analysis to the broader betweenness
class of preferences introduced by Dekel [1986] and Chew [1989]. Betweenness prefer-
ences generalise expected utility by requiring indifference curves to be straight lines,
though not necessarily parallel, and admit an implicit representation of utility.
Formally, let there be S states of nature, indexed by s € {1,...,S}. The decision
maker has preferences over state—contingent consumption vectors x € Rio and holds
objective beliefs w = (my,...,7ms) € A(S). Preferences are represented by a strictly
increasing, thrice continuously differentiable, and strictly quasi—concave utility function
V(x; 7). By Dekel [1986, p. 312], a preference belongs to the betweenness class if and
only if there exists a Bernoulli index u : Ryg x [0,1] — R, increasing in the first

argument and continuous in the second, such that

Vixim) =Y mou(z, V(xi)). (4)
seS
We assume throughout that u is thrice continuously differentiable in both arguments,
concave in consumption, and satisfies u;; < 0.%
As in Kubler et al. [2014], we assume complete markets with strictly positive prices
p € R, and income I > 0. The Marshallian demand induced by a betweenness

preference > is then defined by

z(p, I, ™) € argmax{V(x;ﬂ'):p-xgl}. (5)

s
x€RZ,

Proposition 4. Let S > 2 and let xx(p,I,7) € RS, be the Marshallian demand

21See Theorem 3 in Kubler et al. [2014, p. 3475].
22Here and below, subscripts denote partial derivatives of the utility index u: for example u; (z,v) =
Ou(z,v)/0z and uy1(x,v) = 0*u(z,v)/0x>.
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induced by a betweenness preference represented by

V(x;m) = Zﬂ't u(xt, Vi(x; 7"))7

with u strictly increasing in consumption, C3 in both arguments, concave in consump-
tion, and u;y < 0. Define k,(p,m) = (m./m)(p1/pr) for r > 2. Then for each
s €{3,...,S} there exists a function

f : Rio — R>07 (Ilax% kj?? ks) — f(ﬂfl,l'g, k?v ks)7

strictly increasing in its last arqgument ks and satisfying f(x,x, ko, 1) = x for all x, ko >
0, such that

$5,s(p, 177‘-) = f(xt,l(p’Lﬂ-)? xt,Q(p7[7ﬂ->’ kQ(pvﬂ-)’ kS(p’ﬂ-))' (6)

For each fixed s > 3 define the map

Hs(p7]77r) = (I’t71(p,_[7ﬂ'>, xt,2<pa -[771-)’ ks(paﬂ-a It,s(prhﬂ))) € R47

where ks = (ms/m)(p1/ps) and 7 is treated as a parameter. Let Jy(p, ) be the 4 X
(S + 1) Jacobian of Hy with respect to (p, I).

Proposition 5. Under the assumptions of Proposition /, for each s > 3 the Jacobian
Js has rank at most 3 at every (p,I). Equivalently, all 4 x 4 minors of Js vanish.
Define

Rz ) (p, I, ) = Z (detM)z,

ME//Z4><4(JS(p,I))

where Myx4(Js) is the collection of all 4 x 4 submatrices of Js. Then
RE(x-) =0 is a necessary condition for betweenness rationalisability.

Proposition 5 imposes a clear testable implication. Whenever we perturb prices
and income so that, to first order, 1, x5, and the ratio ks = (7s/m)(p1/ps) remain
unchanged, then the demand for state s must also remain unchanged. Equivalently,
the only channels through which z is allowed to move are movements in z, x5, or

ks. There is no independent direction in (p, /) that can change z; while holding these
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other quantities fixed. This is the differential analogue of the functional dependence in
Proposition 4: under betweenness, once (1, xs, k;) are fixed, x, is pinned down.

The key difference with expected utility is that, under betweenness, ui(-, V') de-
pends jointly on consumption and the endogenous fixed point V. In expected utility,
uy(+) is univariate, which lets the FOCs collapse to a representation xs = f(z1,k;)
that characterises the model. In contrast, for betweenness the FOCs imply that z, is a
function of (1, xs, ks, ks), but this does not guarantee that a given f arises from some
u(+, ) consistent with the fixed—point structure. Thus, necessity holds—any between-
ness rationalisation must satisfy the rank condition— but sufficiency need not hold in
general, as not every solution to the rank condition corresponds to some betweenness

utility.

Corollary 1. Let Frey C G denote the class of preferences satisfying R**(zs) = 0 for

every s > 3. Then the class of betweenness preferences is contained in Fiet.

The corollary makes precise the one-sided nature of the restriction: any demand
violating RP®* = () cannot come from betweenness, but some non-betweenness demands
may also satisfy it.

Although R is not a full characterisation, it yields a valid non-rejection test. We
test

Hy: z- € Foet Vs H,: z. € G\ Fretle),

where Fpe(¢) is defined as in Section 3. For each s > 3 and each evaluation point

(p,I), compute the Jacobian Jy(p, I) of

Hs(pa [; 77) = (xt,la -It,Za ksa xi,s)v ks = (7rs/7rl)<p1/ps)a
with respect to (p,I). Form

R () (p. 1, 7) = (des M)”,
MeMyxs(Js(p,I))

and aggregate across s and (p, I) via the L};integral of Section 5, obtaining the sample

analogue Rbet Under H,, the restriction equals zero. By Proposition 6 and compact-

1

4» SO the finite-sample bounds

ness, the map x +— RP° is uniformly continuous into L
established earlier apply.
Operationally, one can approximate the minors of J,; by finite differences, using

small perturbations (Ap, Al) chosen so that x, xo, and ks are (approximately) held
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constant to first order. The restriction requires the induced change in x5 to be (approxi-
mately) zero. Equivalently, the estimated 4 x 4 minors evaluated at these perturbations

should be close to zero under Hy.

5 Efficiency Gains: Queries and Subclasses

The sample complexity of both testing and estimation in our framework is inherited
from the PAC-learnability of G. This means that the attainable precision and confi-
dence of welfare estimates are directly tied to the sample complexity of the underlying
learning algorithm. In this section, we formalise this dependence and show how effi-
ciency gains can be realised in two ways: by imposing additional structure on the class
G, and by allowing the analyst to select prices adaptively. The following proposition
makes precise the link between improved sample complexity and tighter confidence

intervals.

Propostion 5.1. Fiz a sample size n and confidence level § € (0,1). Let ny(e,0)
and ny(e,d) be two valid sample complexity functions for (e,d)-learning G such that
ni(e,0) < ny(e,d) for all e, §. Then the minimal confidence interval width implied by
ni,

t1(6,n) = inf{t > 0:ni(y(t),d) <n},

15 weakly smaller than that implied by ns,
t5(0,n) = inf{t > 0:na(y(t),d) <n}.

Proposition 5.1 formalises the connection between sample complexity and inferential
precision in our framework. The sample complexity n(e,d) captures how demanding
it is to learn the class G: smaller values mean that fewer observations are required to
reach a given accuracy and confidence. Thus, the results states that improvements in

sample complexity translate directly into tighter confidence bounds at the same (n, ).

Example 4. Suppose two candidate sample complexities are given by

n1(876) = i ’

1
€2 57 n2(€75) =

Y

ST

€k+2

with v(¢) = t. For each i = 1,2, the minimal interval width is ¢;(§,n) = inf{t > 0 :
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n;(y(t),d) < n}. Solving these inequalities yields
ti(o,n) = (on)"Y2, £5(6,n) = (o) YD),

Thus the first learning algorithm delivers strictly tighter confidence intervals, since
t3(6,n) < t5(,n) for all £ > 0.
A similar comparison applies to the attainable confidence levels when the interval
width t is fixed. Define 1 — 6] (¢t,n) = sup{1—0: n;(y(¢),6) <n}. Then
1 1

Here too the algorithm with lower sample complexity, ny, yields higher confidence at
fixed precision. In Appendix A, we formalize the efficiency gains that occur through

adaptive sampling and further assumptions on G.

6 Conclusion

This paper develops a frequentist framework for conducting power analysis of revealed
preference tests using finite choice data and tackles a central challenge in the liter-
ature: constructing parsimonious alternative hypotheses against which the discrimi-
natory power of rationality tests can be assessed. Our procedure is grounded in the
Probably Approximately Correct (PAC) learning framework and allows us to design
tests that integrate functional and finite-data approaches. This method is broadly ap-
plicable, ranging from weak separability to choice under risk, highlighting its versatility
for analyzing decision-making.

We make four main contributions. First, we show that PAC learnability results for
Lipschitz demand functions provide the theoretical foundation for constructing well-
defined alternative hypotheses. By exploiting the fact that any rationalizing demand
function lies within a learnable neighborhood of the true demand with high probability,
we can compute explicit bounds on the sample size required to achieve any desired level
of statistical power against alternatives that are e-separated from the null hypothesis.

Second, we extend our framework beyond traditional revealed preference character-
izations to functional restrictions. This extension is particularly valuable for preference
classes—such as weakly separable preferences—where exact RP tests are computation-

ally intractable (NP-hard). We show that by tolerating a small but controlled size, one
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can construct polynomial-time tests with explicit finite-sample power guarantees.

Third, we demonstrate how to construct confidence intervals for smooth function-
als of demand, such as equivalent variation and other welfare measures. The width
of these intervals depends directly on the sample complexity of learning the underly-
ing preference class, thereby linking the richness of the maintained hypothesis to the
precision of welfare inference.

Fourth, our simulation results reveal an important insight: the apparent empiri-
cal success of GARP may partly reflect its limited ability to detect small deviations
from rationality. In contrast, the frequent rejections of expected utility in experimental
data may reflect its sensitivity to even negligible departures from the model. This sug-
gests that comparing rejection rates across different preference classes requires careful
attention to their differential statistical power.

Our approach shifts the focus from testing the dataset itself to testing the decision
maker. Unlike RP tests that always reject a dataset if it cannot be rationalized by
any preference from the class of interest, our tests are one-sided: they never reject a
rationalizable dataset. Still, they may fail to reject a non-rationalizable one. However,
the probability of failing to reject a non-rationalizable dataset decreases as more data
are sampled. Our simulation exercises show that our tests perform well in finite samples

and correctly reject demands that do not belong to specific classes of preferences.
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Appendices (Online-Only)

Appendix A Efficiency Gains: Queries and Sub-

classes

A.1 Subclasses

A natural way to obtain sharper precision bounds (and higher power for RP charac-
terisations) is to impose additional structure on the preference family G. Restricting
attention to subclasses can dramatically reduce sample complexity, and hence tighten
the confidence intervals described in Proposition 5.1. Balcan et al. [2014] provide sharp
results for several economically relevant subclasses, including linear preferences, separa-
ble piecewise linear concave (SPLC) preferences with [ segments, and CES preferences
with a known parameter p.

To illustrate how subclass restrictions operate in practice, we recall three canonical
families of preferences studied in Balcan et al. [2014]. Each imposes a different struc-
ture on the utility function, which in turn reduces the statistical complexity of learning
relative to the unrestricted class G. The cases of linear, separable piecewise linear con-
cave (SPLC), and constant elasticity of substitution (CES) preferences are of particular
interest, both because of their economic relevance and because their structural features

lead to sharply different sample complexities.

Definition 9 (Linear Preference). A utility function U is called linear if utility is

linear in each good. Formally, for some a € ]Ri,

d

U(z) = Ua(x) =Y ajz;,

j=1
with the normalisation ) ;aj =1 taken without loss of generality.

Definition 10 (Separable Piecewise Linear Concave (SPLC)). A utility function U is

called SPLC if .

Ulz) = Ujlx)),

Jj=1
where each U; : Ry — R, is non-decreasing, concave, and piecewise linear. The

number of segments of U; is denoted |U,|, and the kth segment is written (j,k). If
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segment (7, k) has domain [a,b] C R, and slope ¢, we set aj, = ¢ and {;;, = b — a,
with £;,| = oo. Concavity implies ajx—1) > aj for all £ > 2. An SPLC function with
|U;| < k for all j can thus be represented by two matrices A, L € Rix“, and denoted
Ui

Definition 11 (Constant Elasticity of Substitution (CES)). A utility function U is
called CES if, for some p € (—o0,1] and a € R,

Ulw) = Uaylw) = (i wat)

with the normalisation ) ;a; =1 taken without loss of generality.

The efficiency gains from subclass restrictions can be quantified directly through the
PAC-learning sample complexity of these classes. Balcan et al. [2014] derive bounds for
linear, SPLC, and CES preferences, showing how the additional structure substantially
reduces the number of observations needed to achieve accuracy € and confidence 1 — 4.

Table 2 summarises their results.

Table 2: Sample Complexity by Preference Class

Preference Class Linear SPLC (I segments) CES

Sample Complexity 10) (klog(l/s)-l—log(l/é)) 1) (kllog(1/8)+log(1/5)) 1) (klog(1/€)+log(l/6))

1> &

These bounds highlight how subclass assumptions translate into improved statistical
performance within our framework. In particular, the dependence on 1/e improves
from quadratic in the unrestricted case to linear under these structured classes. This
reduction feeds directly into the confidence bounds of Proposition 5.1: by replacing the
generic sample complexity n(e,d) with the subclass—specific expressions from Table 2,
the analyst obtains strictly tighter confidence intervals and higher power for the same

dataset. We next show how adaptive sampling can generate further efficiency gains.

A.2 The Adaptive Model

A further efficiency gain arises when the analyst is allowed to choose budget sets

adaptively. In this model, the analyst selects prices sequentially and observes demand
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from the corresponding budget set, with each subsequent query conditioned on the
data revealed in earlier rounds.

The effect of adaptivity on sample complexity is substantial. Balcan et al. [2014]
show that when queries are chosen adaptively, the number of observations needed to
learn certain subclasses of preferences drops dramatically relative to the non-adaptive

case. Table 3 reports their bounds for linear, SPLC, and CES preferences.

Table 3: Sample Complexity by Preference Class

Preference Class Linear SPLC (/ segments) CES
Sample Complexity O (qd) O (gkd) O (1)

Here, q denotes the bit-size of the coefficients. If utility functions are L—Lipschitz,
one can interpret ¢ as setting the granularity of an approximation: coefficients take
values in [0, L] with increments of L/(27—1). The table shows that adaptivity eliminates
the 1/ dependence altogether: learning becomes essentially finite in the CES case,
linear in dimension for linear preferences, and only modestly larger for SPLC. This
highlights how adaptive sampling can deliver dramatic efficiency gains in revealed—

preference analysis.

Appendix B Proofs

A continuity proposition for derivative—based restrictions

Recall from Section 2 that P x Z is compact and G denotes the class of income-Lipschitz
demands. In this section we restrict attention to the subclass G C G of models whose
Marshallian demand x : P x Z — R* is twice continuously differentiable in (p, I). This
additional regularity is used only to justify the derivative-based restriction operators R.

The finite-sample size and power bounds from Sections 3-5 are otherwise unchanged.

Proposition 6. Let € A(P x I) and G C C*(P x Z;R"). Define R,(z) := D,x,
Ri(x) := Oz, and Ry(x) = Ofx, viewed as elements of L), (P x I) endowed with the

norm

1l = /P D) dptp. 1),

Then Ry, Ri = (G, || llcreepxz)) = Ly (PXZI) and Ry : (G, |- |lc2oe(pxz)) = L(P X T)
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are bounded linear maps with operator norm at most 1. In particular, for all x,y € G,*

IRp(2) = Rp(W)lley < Nz = yllore, Ri(z) = Ri(y)llzy < llo—yllere,
IRir(2) = Rur(y)llzy, < e = yllozes.

Proof. Recall that © := P x Z is compact. We equip R’ with the Euclidean norm
| - |, matrices in R”“ with the induced operator norm [|A := supy,, [|Av]|, and

higher-order derivatives with the corresponding multilinear operator norms.
For = : 0 — R’ define

%1 () == max{ sup |lz(p,I)|l, sup |Dyz(p,I)[|, sup IIé?zx(p,I)H},
(p,1)eQ (p,1)eQ (p,1)eQ

and

[@lloze(e) = max { |elloreq), sup [FFa(p D), sup_IDp2(p, 1), sup [D2a(p, 1) },
(p,1)eQ (p,1)eQ (p,1)e2

where (D,0;z(p, I))ij = 0%x;(p,I)/(0p; OI).

For any measurable vector or matrix valued function f on €2, define

1l = / 1 £ DIl dpu(p, 1.

Since p € A(2) is a probability measure, p(§2) = 1, and therefore

Iy < [l = sup | D]

(pI)e

(i) Boundedness of R, and R;. Define the range spaces

Ry G — L (R, Ri:G — L (4R,

ZFor 2 : P x T — R’ we use the Euclidean norm || - || on R?. For matrices A € R*¢, we use the
induced operator norm [|A|| := supj,=; [|Av||. The C'! sup—norm is

Jallcr = max { sup [lz(p. DI, sup [Dpa(p, DI, sup [r2(p, Dl
(p,1) (p,1) (p,1)

and ||z c2.~ is defined analogously by additionally taking the sup-norm of 8%z (and, if needed, of the
remaining second and mixed partial derivatives).
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by R,(z) := Dyz and R;(z) := Orz. Linearity is immediate from linearity of differen-

tiation. For =,y € G,

IRp(2) = Rp (W) Ly) = /Q 1Dy (2 = y)(p, D dpa(p, I) < |IDp(x = y)llL=@) < ll2 = yllor~@),

IRi(2) = Ri()l Ly = /Q 191 (z = ) (p, DIl dpe(p, 1) < |01(x = y)l[z=(@) < |7 = Yllore()-

Hence R, and R; are bounded linear maps with operator norm at most 1.

(i) Boundedness of Ry;. Define
Ri:G— Li(Q;RZ), Ri(z) == 07

Again, linearity is immediate. For x,y € G,

IR1r(x) = Rer(w) |y = /Q 107 (x = ) (p, DIl du(p, I) < 1|07 (x = y)llz=@) < [z = Ylloz=(@)-

Therefore R;; is a bounded linear map with operator norm at most 1. O

B.1 Proof of Lemma 1

Fix L > 0 and let G be the class of choice functions z : P xZ — R’ that are L-Lipschitz
with respect to the Euclidean distance on P x Z C R**! and the Euclidean norm on
R?, that is, for all (p, 1), (p/,I') € P x T,

lz(p, 1) = 2@, )| < LI (p, 1) = (&, I') ||2-

We prove the stated sample-complexity bound by bounding the fat-shattering dimen-
sion of G via a packing-number argument and then invoking the fat-shattering sample-

complexity theorem of Beigman and Vohra [2006].

Step 1. Let v > 0 and suppose that S = {s1,...,s,} C P x T is -fat shattered by
G in the (vector-valued) sense of Beigman and Vohra [2006, Definition 2|. Then there
exist witnesses y1,...,y, € R’ and two parallel affine hyperplanes Hy, H; C R’ with
dist(Ho, Hy) > =y such that for every labelling b € {0,1}" there exists z;, € G with
xp(s;) lying on the b;-designated side of the translated hyperplane y; + H,.

Fix i # j and choose a labelling b with b; = 0 and b; = 1. By construction, z(s;)
lies in the half-space determined by y; + Hy and z3(s;) lies in the opposite half-space
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determined by y; + H,. Because the two hyperplanes are parallel and at distance

greater than ~, this implies
e (s:) = @(s;)[] > -

Since xp, is L-Lipschitz, we also have
[zo(si) — xo(s;)]] < Llsi — 852

Combining the two inequalities yields ||s; — s;||2 > /L. Since i # j were arbitrary,

the set S is (y/L)-separated in Euclidean distance. Therefore,
fatg(y) < Pack(P x I, || - [l2,7/L).

where Pack(X, | - ||2,7) denotes the r-packing number of X under Euclidean distance.
This is the same separation argument used in the proof of Beigman and Vohra [2006,

Theorem 6], and it uses only the Lipschitz property.

Step 2. Since P x T is a compact subset of R*! there exists a constant C' < oo

(depending only on P x Z) such that for all sufficiently small r > 0,
Pack(P x Z, | - ||2,7) < Cr~ D,

Applying this with » = v/L and combining with Step 1 gives

L /+1
fatgmgc(;) |

Step 3. By Beigman and Vohra [2006, Theorem 4], the class G is PAC learnable with

sample complexity

e -0 (& (u (1)t +1n (1))

Substituting the bound from Step 2 at v = ¢ yields

-3+ ()

which is the desired bound.
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B.2 Proof of Theorem 3.1

By Lemma 1 (Beigman and Vohra [2006]), the class G is PAC learnable: for each
£,0 > 0 there exists an algorithm L with sample size my (e, §) satisfying Definition 3.
By the convention introduced after Definition 3, n(e,d) denotes the minimal sample

complexity, hence
n(g, 5) < mL(ga 6)

Fix any sample size n with n > n(e, d) (in particular, choosing n = my (e, d) suffices).

Then, for any true model g € G,
uZ( erf,(z-,g) < ¢ for every z» € G that rationalises Dn> > 1-6.

Suppose now that the true model satisfies the alternative such that g € G\ F(e).
Then, it follows that

ig}fr{erfu(x,g)} > €.

Consider any dataset D, generated by ¢g and suppose some x € F rationalizes D,,.
Since F C G, this x is among the rationalisers quantified in the PAC event above.
Hence, on that event, erf,(z,g) < e. This contradicts inf, cr{erf, (', g)} > e: the fact
that g lies at distance strictly greater than € from F. Hence, with probability at least
1 — 6, no element of F rationalizes D,,.

Define the size-zero test Tr that rejects exactly those datasets that admit no ratio-
nalization in F. Then, Tx(D,) = 1 with probability at least 1 —d under the alternative.
By Definition 2, any RP characterization 7 has maximal power among size-zero tests,

and therefore T7(D,) = 1 whenever T7(D,) = 1. Thus
(T W) = 1-6

This establishes that Tz has power at least 1 — § against all alternatives g € G\ F(¢).

Moreover, by Definition 2 (i), T# never rejects when g € F, so its size is zero.
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B.3 Proof of Theorem 3.2
Fix e > 0 and n € N. Let 7 be an RP characterisation of F. By the PAC result for G
(Lemma 1), for any § € (0,1) and any true model g € G, if n > n(e,0) then

pZ(erfu(g, x) < e for every x € G that rationalises Dn> > 1—6. (7)

For the fixed ¢ > 0 and n, write S := {6 € (0,1) : n(e,d) < n}. By the non-triviality
assumption stated in the text preceding the theorem, S # ). Define §(e,n) := inf S.
By the definition of the infimum, for every m € N there exists d,, € S such that
d(e,n) < 6, < 0(g,n) + L. Thus we may fix a sequence (6,,)m>1 C S with 8, | 0(g,n)
and

n(e,0m) < n  for all m. (8)

Fix any alternative g € G satisfying the weak separation from F,

i >
}Ieljfrerf#(g, f) > e

For each m, since (8) implies n > n(e,d,,), applying (7) at confidence level 1 — 4,
yields pj(En) > 1 — 0y, where

E, = {Dn . erf,(g,x) <e for every x € G that rationalises Dn}.

The remainder of the argument is identical to the corresponding step in the proof of

Theorem 3.1: on F,, there cannot exist any f € F that rationalises D,,, hence
E,, € {D,: no f € F rationalises D,}.

Defining the canonical size-zero test Tz(D,,) := 1{no f € F rationalises D, } and using
the maximal-power property of RP characterisations (Definition 1 (%ii)), we obtain for
every m,

w(TH1)) = 1= 6

Letting m — oo and using d,, | d(g,n) yields

i(TH1)) > 1—6(e,n).
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Since g was an arbitrary alternative with infscrerf,(g, f) > ¢, this establishes the

claimed power bound.

B.4 Proof of Theorem 3.3

Fixn € Nand § € (0,1) as in the non-triviality assumption stated in the text preceding
the theorem, and fix an arbitrary v > 0. Let 7 be an RP characterisation of F. Define

g(n,d0) = inf{e > 0: n(e,d) <n}, g = g(n,0) + .

Write S := {e > 0: n(e,d) < n}. By assumption, S # (). Since £(n,d) = inf S, by
the definition of infimum there exists ¢’ € S such that ¢’ < &. In particular, n(¢’,d) < n.
Moreover, because n(e,d) is a minimal sample complexity, for each fixed 6 the map
e+ n(e,d) is weakly decreasing. Hence, since € > €', n(€,0) < n(¢,d) < n.

By the PAC result for G (Lemma 1), for any true model g € G, if n > n(£,6) then

uZ(eer(g, x) < & for every z € G rationalising Dn> > 1-—0. (9)
Define the event
E = {Dn . erf,(g,2) <& for every x € G rationalising Dn}.
Then (9) reads iy (E) > 1 —d. Now fix any alternative g € G satisfying
. > =
}gjfrerfu(g, f) > ¢ (10)

We claim that on E there cannot exist any f € F that rationalises D,,. Indeed,
suppose by contradiction that for some D,, € E there exists f € F rationalising D,,.
Since F C G, this f is among the G-rationalisers quantified in the definition of E, so
D,, € E implies erf,(f,g) < & This contradicts (10), since (10) implies erf,(f,g) > &
for every f € F. Hence

E C {D, : no f € F rationalises D, }.
Therefore,
Iy ({Dn : no f € F rationalises Dn}) > pg(E) > 1-4.
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Define the canonical size—zero test
T#(D,) = 1{no f € F rationalises D,,}.

By construction, 7r never rejects under the null z. € F, so it has size zero. Moreover,

the inequality above gives
e (T71(1) = 1-4.

Finally, since 7 is an RP characterisation of F, it has maximal power among size—zero

tests, hence 77 '(1) € T1(1) and therefore
pp(T-1(1) > 1—4.

Since g was an arbitrary alternative satisfying (10), this completes the proof.

B.5 Proof of Theorem 4.1

We prove size and power separately. Throughout, let g denote the true demand gen-
erated by the true preference g, and let x~ € G be any rationalising demand selected
by the analyst from the dataset D,,. Recall that Algorithm 1 fixes £, > 0, chooses
n = n(e/t,d) with ¢ large enough so that A(¢) —v(g/t) > v(g/t), and rejects whenever
R(zy,) >(e/t).

(i) Size. Suppose the null holds, i.e. g € F. By the PAC result for G (Lemma 1), for
the chosen n = n(e/t,d),

;LZ(erfu(xtn,g) < %) > 1-6. (11)
Because g € F, we have R(g) = 0. Uniform continuity of R at 0 yields
erfu(22,,9) <§ = |Rlax,) = R(9)] <(e/t), (12)

hence R(z-,) < v(¢/t). Thus, on the event in (11), the test does not reject. Therefore
the probability of rejection under the null is at most 0 for all ¢ € F. Hence, the

supremum of this rejection probability must be smaller than this ¢.
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(7i) Power. Suppose the alternative holds, i.e. g € G\ F(¢), equivalently

inf_erf,(g,2/) > e. (13)

$t/€]'—

By regularity of R, condition (13) implies that the true demand must satisfy a numer-
ical lower bound:

R(g) = Ale). (14)

That is, whenever g lies at least ¢ away from F in the erf, metric, the restriction

functional assigns it a value no smaller than A(¢). Again by Lemma 1 with n =
n(e/t,0),
u?(erf,‘(mtn,g) < %) > 1-6. (15)

Uniform continuity gives, on the event in (15),

IR(zx,) —R(9)| < v(e/t) = R(z»,) > Rlg) —(e/t). (16)

Combining (14) and (16) yields
R(ze,) = Me) =(e/t).

By the choice of t, A\(e) — y(e/t) > ~(g/t), so the decision rule in Algorithm 1 rejects
on the event in (15). Hence the probability of rejection under the alternative is at least

1—4¢. The two parts establish the stated size and power bounds, completing the proof.

B.6 Proof of Theorem 4.2

Fix £,0 > 0 and let n = n(e,d). Let g € G denote the true demand and let D,, be the
dataset of size n sampled from g under g. Let x~ € G be any demand that rationalises
D,,. By PAC learnability of G (Lemma 1),

uZ(erf# (z=,9) <e for every . € G that rationalises Dn> > 1-0.

Since R is uniformly continuous, for every pair (z,, g) with erf,(z-, g) < e we have

IR(z) — R(g)| < (o).
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Define AW := R(zx) and AW* := R(g). Then
p (JAW — AW*[ < 4(e)) > 1 -9,

which is the claimed finite-sample bound.

B.7 Proof of Proposition 2

If > is weakly separable across (G, G2), then there exists a scalar £ : P x Z — R such
that
S(xx)(p, 1) = w(p, D) alp, 1) b(p, )" ¥(p,I) € P x I. (17)

Equivalently, for all 4,7 € G; and j,j’ € G,
Sij (ZL’E) c%xb,y a[l’bj/ — Sz”j’ ((L’t) (9ﬂ:tﬂ~ (91xbj = 0 (18)

Define R*P(xy) to collect the left-hand side of (3). Then weak separability implies
R*P(zx) = 0.

Conversely, suppose the nondegeneracy condition holds. If R*P(zy) = 0, then
there exists x such that (17) holds. By Goldman and Uzawa [1964], this is equivalent
to weak separability across (G, Gs). Since S*?(zy) and a,b are built from Dyzy and

O;z», uniform continuity of R*® into LL follows from Proposition 6.

B.8 Proof of Proposition 1

Throughout the proof we write = for the demand x- generated by >=. By strong
monotonicity the budget binds at every (p, I), and by strict convexity the solution is
unique and interior. Fix p € P and write ¢g(I) := z(p, I). Demand is C? in (p, I).

(1 = 2). If > is homothetic, then for any ¢t > 0 the scaled budget set satisfies
{r:p-ax<tl} =t{z :p-x < I}, and x(p,tl) = tx(p,I). Fix I > 0 and define
h(t) := x(p,tI). Then h(t) = th(l). By the chain rule, A'(t) = O;x(p,tI) - I and
R'(t) = O?x(p,tI) - I?. Differentiating h(t) = t h(1) gives I/(t) = h(1) and h"'(t) = 0.
Evaluating at ¢t = 1 yields 0%z(p,I) = 0 for all I > 0. Continuity extends this to I = 0
if 0 € Z. As p was arbitrary, 9z =0 on P x Z.

(2 = 1). Assume 0?x = 0. For each fixed p, I — x(p,I) is affine, so there exist
a(p),b(p) € R* with

x(p,I) = La(p)+ b(p) forall (p,1).
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At income I = 0, the only affordable bundle under strictly positive prices is 0, and
strong monotonicity implies z(p, 0) = 0. Hence b(p) = 0 and z(p, I) = I a(p). Therefore
x(p,tI) = tx(p,I) for all t > 0, i.e., Marshallian demand scales linearly with income
at fixed p. Consider the revealed preference induced by z(-,-). If z(p,I) is (directly)
revealed preferred to some affordable y at (p,I), then at (p,tI) the feasible set is ¢
times larger and the chosen bundle is x(p,tI) = tx(p,I), while ty is feasible. Thus
the revealed preference respects radial scaling. By standard rationalisation results on
compact domains, there exists a continuous, monotone, homothetic preference that
rationalises x. Hence > is homothetic.

Uniform continuity of R"™ follows from Proposition 6. For completeness, for any

x,y we have
IR (2)=R™™ (y)l| s, :/p I!W?(iv—y)(p, D dpp, 1) < 107 (z=y)ll= < llz=yllc2e,
X

so R™ 2 (G, | - [lc2ee) — LL is a bounded linear map (norm < 1), hence uniformly

continuous.

B.9 Proof of Proposition 2

Throughout fix (p,I) € P x Z. For i € G; and j € G, recall

Sij($>> . 0xm~ 6$t,i

= + Ty —==, a; = 01T, b, := Oy ;,
[ ap‘] ty] aI 1 1 t’l J 1 EJ

and let S'?(zx ) denote the between—group Slutsky block with entries S;;(z ) for i € Gy,
j € Go. We will suppress the explicit (p, I)—dependence to lighten notation.

(Necessity). Assume = is weakly separable across (G, Gs), that is, there exist subu-
tility indices vy : R'fl‘ — R, vy : R'f2| — R and an aggregator w : R> — R such
that

u(z) = w(vi(zg,), v2(rg,)) represents = .

Under our C? and interiority assumptions, the Hicksian compensated problem is well
defined and the Slutsky matrix is the Jacobian of Hicksian demand: § = (6h / 6p)T. By
the classical Goldman—Uzawa factorisation for weak separability, the between—group

block of the Hicksian substitution matrix has rank one, with entries proportional to
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the cross—group income effects,* hence there exists a scalar function x = x(p, I) such
that for all 1 € Gy, j € Go,
Sij(xi) = KRa; bj- (19)

In matrix form, (19) reads S'?(z) = kab", which is (17). Moreover, fixing arbitrary
i,7 € Gy and j,j' € G5 and using (19),

Sij (07% bj/ - Sz"j’ a; bj == /iaibjai/bj/ — /iai/bj/aibj == 0,

so each component collected by R*P(x,) vanishes. This proves the necessity claims.

We record the elementary equivalence we will use in sufficiency.

Lemma 2. Let A € R™*", u € R™, v € R". Suppose u and v are not identically zero

and that for all row indices r,r" € {1,...,m} and column indices ¢,d € {1,...,n},
Arc Uyt Vet — Ar/c’ Up Ve = 0. (20)

If there exist o, co with u,, # 0 and ve, # 0, then setting \ := Ayyey/(UryVe,) yields
A= uv'.

Proof. Fix any r, c. Plugging (', ") = (70, cp) into (20) gives
Arc Uy Ve = Aroco Uy V-

Since uy,ve, # 0, we may divide both sides to obtain A,. = A u,v. with A = A, ¢,/ (Ury Ve, )-
This holds for all 7, ¢, hence A = Auv'. O

(Sufficiency). Assume the two-sided nondegeneracy condition: for the given (p,I)
there exist 7p € G and jo € Gy with a;, # 0 and b;, # 0. Assume further that
R*P(x-) =0, i.e., for all 4,4’ € G; and 7,5’ € G,

Sij(xt)ai/ bj/ — Si/j/(wt)aibj = 0. (21)

24A clean way to see this is to (i) define the group expenditure functions ei(pg,,y1) :=
min{pg, - zq, : vi(zg,) > y1} and ea(pa,,y2); (i) write the overall expenditure function as
e(p,u) = miny, y,{e1(pe,,v1) + e2(pa,, y2) + w(y1,y2) > u}; (iii) apply the envelope theorem and
the FOCs for the (y1,y2) minimisation to express the cross-group compensated derivatives dh;/dp;
as a common scalar (depending on p,I) times a product of group-specific terms. Identifying those
group-specific terms with a, and b; (via Roy/Slutsky identities) yields the display below.
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Apply Lemma 2 with A = §'(zy), u = a, v = b, and (19, ¢g) = (40, jo). The hypothesis
(20) is exactly (21). By nondegeneracy, a;,b;, # 0, so Lemma 2 yields a scalar
K = Siogo (72) such that S™(z.) = kab'.
@i bj, -
Equivalently, for all i € Gy, j € G, Sij(z») = ka;b;, which is (17).

By Goldman and Uzawa [1964], the rank—one factorisation of the between—group
block S'?(zy) = kab' for all (p, I) is equivalent to weak separability across (G, G).
This completes the sufficiency part.

Finally, R*% is built from finite sums of products of terms of the form D,z and
Orr-. By Proposition 6, the maps z — D,z and x — 0;x are bounded linear maps
into L}u hence uniformly continuous. On a compact domain, pointwise products and
finite sums of uniformly continuous maps are uniformly continuous into L}“ so R*P is

uniformly continuous into LL as claimed.

B.10 Proof of Proposition 3

Let ()" : R — R3¢ denote the positive—part map, ¢+ := max{0,¢}. We will use the
elementary equivalence
=0 < <0, (22)

valid for every ¢t € R.
(Gross complementarity). Fix distinct ¢ # j. By definition, goods i and j are gross

complements iff
8x§,i (p, I)

apj

The proposed functional restriction is

<0 forall (p,I)ePxTI. (23)

rossC Oz ;(p,d + Oxy ;(p,]
RE™C(a)(p, 1) 1= (2520) " = max{o, 2001

(=) If (23) holds, then for each fixed (p, I) we have Oz ;/0p; < 0, hence, by (22),
(axbi/é?pjﬁ = 0. Therefore Rgossc(xt)(p, I) =0 for all (p,I), i.e. Rf;ossc(xi) =0.

(<) Conversely, if Rf;ossc(xt) = 0, then for each (p, I) we have (axt7i/8pj)+ = 0.
By (22), this implies Oz ;/0p; < 0 pointwise, proving (23). Hence ¢ and j are gross

complements.
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Combining the two implications yields

i,7 are gross complements <= RE;OSSC(:UQ =0.

(Analogous forms).

e Gross substitutability. Define Rf;osss(xt)(p, I) = (= Oz (p, I)/@pj)+. Repeat-

ing the previous argument with ¢ = —0z» ;/0p,; shows

i,7 are gross substitutes <= Rf;osss(xt) = 0.

e Net complementarity/substitutability. Let h(p,u) denote Hicksian demand and
Sij(z=)(p,I) := Oz ;/Op; + x» ; 0x» ;/OI the Slutsky term. The Hicks-Allen
definition says that 7 is a net complement (substitute) of j iff 0h;(p,w)/0p; < 0
(resp. > 0) for all (p,u). By the Slutsky decomposition, Oh;/dp; = S;;(zx) eval-
uated at the Marshallian pair (p, I) corresponding to (p,u). Hence the two sign
conditions are equivalent to S;;(z=)(p, I) < 0 and S;;(zx)(p, I) > 0, respectively,
for all (p, I). Define

REC () (p, 1) = (Sij(z=) (0. 1)), RES(22)(p, 1) = (= Syjla=)(p. 1))
Applying (22) pointwise yields

i,j are net complements <= RN(1.) =

i,j are net substitutes <= R¥¥(z.)=

Finally, note that on compact P x Z, the map ¢ — t* is 1-Lipschitz, so composing
it with (p,I) +— Ox»;/0p; or (p,I) — S;j(z~) preserves uniform continuity. Since
these derivatives are uniformly continuous into LL by Proposition 6, the same holds

for Rf;ossc, Rg,;osss’ R2C and Ry, This completes the proof.
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B.11 Proof of Proposition 4

Throughout, let u : Rog x [0,1] — R be the Bernoulli index in the betweenness

representation. For a function of two variables u(z, v) we use the standard notation:

ou ou
Ul(,T,’U) = %(.T,U), UQ(QZ’,’U) = %(.CE,’U),
and
0%*u 0%*u 9%u
up (z,v) = @(as,v), uip(z,v) = m(as,v), uga(z,v) = w(as,v},

whenever these derivatives exist.

Fix (p, I, 7) and write x = z»(p, I, w) € RS, for the interior maximiser of V (x; )
subject to p-x < I. Monotonicity of u implies the budget binds, and strict quasi—concavity
yields uniqueness.

Define F(x,V;7) := Y0 mu(z, V) — V. By (4), F(x,V(x;m); ) = 0. Differen-
tiate this identity with respect to x,. Since only the term ¢ = s depends directly on

Ts, we obtain

s
msur(zs, V) + (Zﬂ'tUQ(It,V)) Ve, — Vo, = 0.
=1

Hence
s up(xs, V)

1— Zle ¢ Us (g, V) .

At an interior optimum the first-order conditions imply V... = Ap, for some Lagrange

Ve, = (24)

multiplier A > 0, so V., is finite and strictly positive. Therefore the denominator in
(24) is nonzero at the optimum.
From V., = Ap, and (24), taking the ratio s to 1 cancels the common denominator
and yields
s up (x5, V) b up (2, V) _ TP (25)
mui(z, V) pr u(zs, V) mips

In particular, for s = 2 we have

ui(x1, V)

o = (26)

By Dekel [1986, p. 314], the fixed point V(x;7) is unique for each (x, 7). Hence the
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unique value V = V(x;7) at the optimum satisfies (26). Next, define
(b(va Ty, L2, k2) = ul(xla U) - k2 U1<£If2, U)'

At the realised optimum, v = V(x;7) solves ¢(v; x1, z2, ko) = 0 by (26). Assume the

following local regularity holds at the realised point:
av¢<V(X;7l');$1,{E2,k‘2> = uia(z1, V) — ko ura(xe, V) # 0. (27)

This is a mild pointwise condition that ensures the root of ¢(-;x1, s, k) is locally
unique as a function of (x1, s, k2). Under (27), the Implicit Function Theorem gives

a C! map
v* = V*(x1,$2’k2) Wlth ¢(V*(x1,x2,k2);a:1,l’2,k2> = 0

in a neighbourhood of the realised (x1, x9, ko). In particular, at the optimum V* (1, x9, ka) =
V(x; 7). Using (25) with s > 3 and substituting V*,
uy (s, V* k
(2, V) ks (28)
Ul(l'g, V*) ks
For each fixed v, the map = — wy(z,v) is strictly decreasing and continuous because
uy > 0 and uy; < 0. Hence it admits a continuous inverse in its first argument, denoted
h(-;v). Invert (28) in z, to obtain

k
Ts = h(k_2 U1(5L°2,V*($1>332,k2)) ; V*($17$2>k2)) = f(iUl,fBz;kmks)-

Monotonicity in ks follows because ks +— (ko /ks) is strictly decreasing and r +— h(r; v) is
strictly decreasing, so the composition is strictly increasing in k,. For the normalisation,
if 1 = 29 = x and ks = 1, then uy(xs, V*) = uy(x, V*) and therefore z; = z, which

gives f(x,x, ko, 1) = x. Since the construction holds at each (p, I, 7), we have

xt,s<p717ﬂ-) = f(xt,l(p7[77r>7 xt,?(pa [777)7 k2(p7ﬂ-)7 ks(paﬂ-))

with f strictly increasing in ks and satisfying f(z,x, ke, 1) = .
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B.12 Proof of Proposition 5

Fix s > 3. By Proposition 4, locally z» s = f (251, T» 2, ko, ks), with f as constructed
in the proof of the result. Consider the set of admissible perturbations of (p, ) that
keep ko fixed to first order. Formally, let ¥ : R™ — R5*! be a C' local parametri-
sation of this subspace, with coordinates § € R™, so that (p,I) = (p(0),1(#)) and

L ks (p(6), )| s—o = 0 in every coordinate direction. Define

HS(Q) = (1’>71(p(9),1(9),ﬂ'), xt,Q(p(9)>[(9)vW)> ks(p(9)7ﬂ)a $>.7S(p(9),l(9),71')).

Let J, be the 4 x m Jacobian of H, with respect to 6 at § = 0. By the chain rule
applied to oy s = f(2x 1, T+ 2, ko, ks) and using dks = 0 along V¥,

doe o = fo,dos1 + fo,dos-o + fi, dEs.

Therefore the fourth row of J; is a linear combination of the first three rows with
coefficients (fau,, fr, fr.). It follows that rank(Js) < 3, so every 4 x 4 minor of J,

vanishes. Defining

R (we)(p Iom) = Y (det M)’
Metyxa(Js)

gives RP® = 0 as a necessary condition for betweenness rationalisability when the

Jacobian is evaluated along directions with dky = 0.

Appendix C Simulations

In this section, we first present the pertubation we used in our simulations and prove
its properties. As stated in Section 3.2, our results apply with mean-zero measurement

error. As such, we include simulations and power curves for this extension.

C.1 Perturbation of Cobb—Douglas Demand

We consider demands of the form y = = + ¢ f, where f is a perturbation normalized so

that the Frobenius norm of the induced skew—symmetric Slutsky component satisfies

I Skew(S7)]|p = 1.
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Thus € indexes the distance from Slutsky symmetry, while different choices of f allow

us to explore different patterns of violation. Let

G12(p; 1) 0
A1) = “h920 D) . P D) = | ’
0 g3a(p, I)
0 —71;—2934(29’ I)
with IN2  po IN2 py
gi2(p, I) = <p_1> L+ gsa(p, T) = <p_3> p3+ s

In the simulations presented in the main text, we considered the perturbation f = f4+
fP. As a robustness check, we also considered the perturbation f = af4 + (1 — a)f?
with a = 0.1. In what follows, we prove the properties for the perturbation and detail

the normalization.

Homogeneity of degree zero. FEach block is homogeneous of degree zero jointly in
(p, I). Indeed, for any A > 0, we have g12(Ap, \) = g12(p, ) and gs4(Ap, AI) = gsa(p, I)
such that fAOp, AI) = fA(p, 1), FEOp,AL) = f2(p, T), and f(Ap, AI) = f(p, ).

Budget neutrality. Each block is budget neutral:

p-f* =pigi2 — prg12 = 0, p- P = psgss — psgsa = 0.

Hence, for f = fA+ fBand f = af* + (1 —a)f?, we have p- f = 0.
Violation of Slutsky symmetry. Consider the perturbed demand

yp,I) =z, 1)+ f(p, 1),

where z(p, I) are the base Cobb-Douglas demands and f(p,I) is the perturbation

designed to violate integrability. The corresponding Slutsky matrix is

S(p, I) = Dyy(p, I) + y(p, I) (Ory(p, 1)) ",
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where D,y and 0;y denote the derivatives of y with respect to prices and income,
respectively. For the first perturbation, the induced asymmetries in the Slutsky matrix

are
[2(@1+062—1) [2(Ck3+044—1)

pi(p1 + p2) P3(ps + pa)
All other off-diagonal entries of the skew part vanish. Therefore, the Slutsky matrix is

A A B B _
SIQ_SQI - ) 534_543 -

generically asymmetric, and the asymmetry is split between (1,2) and (3,4). For the
second perturbation, the argument is identical but with the scale & and 1 — a on the

asymmetry (1,2) and (3,4), respectively.

Normalization to control the magnitude of deviation. FEach perturbation f is
scaled so that the Frobenius norm of the induced skew—symmetric Slutsky component

equals one:

f

S = I Skew(SH»

where S/ denote the Slutsky matrix for demand with perturbation f and

Skew(S7) = = (S — (5/)T)

N | —

is its skew—symmetric part. After this rescaling, we replace f by f in the perturbed
demand:
y=x+e¢ f .

After this step, € measures the total magnitude of the violation from rationality in the

same way across perturbations.

C.2 Additional Regressions

This section includes a log-linear regression and a log-linear regression with reciprocal
predictor (1/¢) to complement Table 1. The results for the log-linear regression are

presented in Table 4

Table 4: Log-linear regression estimates from power curves

Parameter SUM H WS EU
Bo 4.2168 2.4133 3.2303 2.6499
oh -4.2316 -0.0870 -3.0240 -4.8806
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Table 4 shows that the required sample size decreases progressively from SUM to
WS, then EU, and finally HARP. The table also shows that SUM and EU have higher
sensitivity of required sample sizes to deviations from rationality than H and WS.
Since sample size is modeled on a log scale, EU has a steeper slope (f;) in terms of
relative changes even though its curve appears flatter in absolute sample size due to
a lower baseline sample size () compared with WS. Next, the results for a log-linear

regression with a reciprocal preditor are presented in Table 5.

Table 5: Log-linear regression reciprocal estimates from power curves

Parameter SUM H WS EU
5o 3.3181 2.3873 2.5749  1.5717
oh 0.02791 0.001209 0.02107 0.03574

Table 5 shows that SUM WS and EU require substantially larger sample sizes to
detect small deviations from rationality compared to H which is relatively insensitive

to the size of deviations.

C.3 Power with Additive Measurement Error

To model measurement error in observed demands, we add mean-zero additive noise
to each demand component:

Ty = T + My,

where the measurement error my is drawn independently according to a truncated
normal distribution with standard deviation 0.25 and support set to £50% of the
demand x,. This support implies that the noise is heteroskedastic and proportional to
the magnitude of the demand. The noisy demands are scaled back to ensure the budget
constraint holds. The data generating process and the perturbation are otherwise
identical to that in the main text. In particular, the perturbation is computed for the
demand x. The power curves are reported in Figure 4

The power curves are qualitatively similar to those in the main text, thus empirically
confirming that the presence of mean-zero measurement error is inconsequential for our

results.
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Figure 4: Power curves for SUM, H, WS, and EU.
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